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Abstract
Let A and B be maximal subgroups of PSL2(R) that commensurable with PSL2(Z) (S and T
are commensurable with each other if S ∩ T is of finite index in both S and T ). In this article, we
determine the index [A :A∩B] and the level of A∩B (Appendix A).
 2004 Elsevier Inc. All rights reserved.
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1. Introduction
Around 1960, H. Helling [H] proved a remarkable theorem that if G is commensurable
with PSL2(Z), then G is conjugate to a subgroup of Γ +0 (f ), where f is square free. In
particular, if M is a maximal subgroup of PSL2(R) that is commensurable with PSL2(Z),
then
M =
(
x y/h
0 1
)−1
Γ +0 (f )
(
x y/h
0 1
)
,
where f is square free, x ∈Q+, 0 y < h, gcd(y,h)= 1. Recall that Γ +0 (m) is the group
generated by Γ0(m) and all the Atkin–Lehner involutions we of Γ0(m), where an Atkin–
Lehner we is a matrix of determinant 1 of the following form:
(
a
√
e b/
√
e
cN/
√
e d
√
e
)
,
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Z. It is natural to ask about whether the index [PSL2(Z) : PSL2(Z)∩M] can be determined.
To the best of our knowledge, this question is unanswered since the completion of the
classification of such groups. In this article, we study the basic properties of the maximal
subgroups of PSL2(R) which are commensurable with PSL2(Z) and determine the index
[A : A ∩ B], where A and B are two such groups. In particular, let M be given as above,
then the index [PSL2(Z) : PSL2(Z)∩M] can be determined as follows (Theorem 6.1): for
each divisor d of f , define
(i) dx = pa11 pa22 · · ·parr , dy/h = d0/pb11 pb22 · · ·pbrr , where p1,p2, . . . , pr are primes,
gcd(d0,pb11 p
b2
2 · · ·pbrr )= 1, ai ∈ Z, bi ∈N∪ {0},
(ii) md =∏pbi+|ai+bi |i .
Then the index [PSL2(Z) : PSL2(Z) ∩M] is given by [PSL2(Z) : Γ0(mf )], where m =
min{md : d | f }. As PSL2(Z) ∩ Γ +0 (f )= Γ (f ), our article is very much concerned with
how the conjugating element σ = ( x y/h0 1
)
affects the calculation of the index [PSL2(Z) :
PSL2(Z) ∩ σ−1Γ +0 (f )σ ]. Our main result which generalises the above can be found in
Section 7.3.
The main facts we used in the derivation of the main theorem is the work of J.H. Conway
[C] that enables us to investigate these groups via their action on the set of all projective
classes of lattices that are commensurable with Z×Z. As these projective classes of lattices
can be made into a graph by joining each pair of them by a line labelled with hyperdistance,
we shall associate to each M (a maximal subgroup of PSL2(R) that is commensurable with
PSL2(Z)) a cell cM (a projective class of lattices that invariant under the action of M as a
set) and study
(i) the hyperdistance between cells and the hyperradius of cells,
(ii) the action of groups on the set of cells (as a graph).
It turns out that this study allows us to determine [A : A ∩ B] and gives a very simple
geometrical interpretation of [A :A∩B] in terms of the hyperdistance and the hyperradius
of cells associated to A and B . Take the rather involved formula we have in the above
for example, it simply says that if cM has hyperradius
√
f (Definition 3.1) and the
hyperdistance between cM and Λ(1,0) is m (Proposition 4.7), then [PSL2(Z) : PSL2(Z)∩
M] is given by the index of Γ0(mf ) in PSL2(Z). The geometrical interpretation of
[A :A∩B] can be found in Section 7.
The remaining of the article is organised as follows: in Sections 2 and 3, we state
without proof results of Conway and Helling. In Section 4, we study the basic facts
about hyperdistance which enable us to give the hyperdistance formula between cells.
Section 5 studies the action of PSL2(Z) on the Big Picture (see Definition 3.5). In
particular, the PSL2(Z)-orbits are determined. Section 6 determines the indices [PSL2(Z) :
PSL2(Z) ∩M] and [M : PSL2(Z)∩M], where M is a maximal subgroup of PSL2(R) that
is commensurable with PSL2(Z). Proof of the main theorem can be found in Section 7.
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of our main theorem (Section 7.3). However, as the modular group PSL2(Z) plays a rather
important role in the study of many branches of mathematics and the actual description of
the index admits a better form than the general formula, we shall treat the modular group
independently (Section 6). We hope the readers find such repetition acceptable.
2. Results of Helling
Theorem 2.1 (H. Helling [H]). Let G be a subgroup of PSL2(R) that is commensurable
with PSL2(Z). Then G is a subgroup of
(
a b
c d
)−1
Γ +0 (f )
(
a b
c d
)
, where f ∈N is square free
and a, b, c, d ∈Q.
Note that Helling’s theorem is a special case of a more general result of Borel
[B, Proposition 4.4] which applies, in particular, to all arithmetic and Kleinian groups.
Let M be a maximal subgroup of PSL2(R) that is commensurable with PSL2(Z). By
Helling’s theorem, M = σ−1Γ +0 (f )σ =
(
a b
c d
)−1
Γ +0 (f )
(
a b
c d
)
, where f is square free
and a, b, c, d ∈Q. Since ∞ is the only cusp of Γ +0 (f ), there exists some τ ∈ Γ +0 (f ) such
that τ (a/c)=∞. This implies that τσ (∞)=∞. As a consequence,
τσ =
(
u v
0 w
)
and M = σ−1τ−1Γ +0 (f )τσ =
(
u v
0 w
)−1
Γ +0 (f )
(
u v
0 w
)
.
Since members in
A=
〈(
1 1
0 1
)
,
(
w 0
0 w
)
,
(−1 0
0 1
)〉
normalise Γ +0 (f ), we may replace Γ
+
0 (f ) by τ
−1Γ +0 (f )τ (τ ∈ A) if necessary. As a
consequence, M takes the following form:
M =
(
u v
0 w
)−1
Γ +0 (f )
(
u v
0 w
)
=
(
x y/h
0 1
)−1
Γ +0 (f )
(
x y/h
0 1
)
,
where x ∈Q+, gcd(y,h)= 1, 0 y < h.
Theorem (Riemann–Hurwitz formula). Let Γ be a group that is commensurable with
PSL2(Z). Then
χ(Γ )= 2(g(Γ )− 1)+ c+
r∑
i=1
(1− 1/ei),
where g(Γ ) is the genus of H∗/Γ , −χ(Γ ) is the Euler characteristic, c is the number
of cusps of Γ , r is the number of conjugacy classes of elliptic subgroups of Γ and
e1, e2, . . . , er are their orders.
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∏
p|n(p + 1)/2p. Further, the area of a
fundamental domain of Γ +0 (n) is given by 2πχ(Γ
+
0 (n)).
3. Results of Conway: lattices commensurable with Z×Z
The material of this section is taken from understanding groups like Γ0(N). The readers
are referred to [C] for more detail. Recall that Γ0(N) is the subgroup of PSL2(Z) of the
following form:
Γ0(N)=
{(
a b
c d
)
: c≡ 0 (mod N)
}
.
Let e be an exact divisor of N (gcd(e,N/e) = 1). An Atkin–Lehner involution we
associated to Γ0(N) is a matrix of determinant 1 of the form
(
a
√
e b/
√
e
cN/
√
e d
√
e
)
,
where a, b, c, d ∈ Z. Γ +0 (N) is the group generated by Γ0(N) and all the Atkin–Lehner
involutions associated to Γ0(N). Note that Γ +0 (N) is a subgroup of the normaliser of
Γ0(N) (see, e.g., [AL,AS,C]). Let n,x ∈N. Define
Γ +0 (xn|n)=
(
n 0
0 1
)−1
Γ +0 (x)
(
n 0
0 1
)
.
Denote the set of all lattices commensurable with Z×Z by Ψ . Two lattices X and Y in
Ψ are equivalent to each other if there exists some λ ∈Q× such that λX = Y . It is clear that
the above relation is an equivalence relation defined on Ψ . The equivalence (projective)
class that contains L(m,g/h) = 〈(m,g/h), (0,1)〉 (m ∈ Q, g,h ∈ Z) is denoted by
Λ(m,g/h). It is clear that
Λ(m,g1/h)=Λ(m,g2/h)
(gcd(g1, h) = gcd(g2, h) = 1) if and only if g1 ≡ g2 (mod h). Further, each equivalence
(projective) class has a unique representative of the form
L(m,g/h)= 〈(m,g/h), (0,1)〉,
where m ∈ Q+, h ∈ N and 0  g/h < 1 is a fraction in its least terms. Let Λ(m,g/h)
and Λ(m′, g′/h′) be two classes. There exists a basis B of Q× Q such that in terms of
the basis B , [Λ(m,g/h)]B =Λ(1,0)= 〈(1,0), (0,1)〉 and [Λ(m′, g′/h′)]B =Λ(N,0)=
〈(N,0), (0,1)〉 for some N ∈ N (see [C] for more detail). It is clear that N is uniquely
808 M.L. Lang / Journal of Algebra 274 (2004) 804–821determined by Λ(m,g/h) and Λ(m′, g′/h′). The hyperdistance between the classes
Λ(m,g/h) and Λ(m′, g′/h′) is defined to be
d
(
Λ(m,g/h),Λ(m′, g′/h′)
)=N.
Definition 3.1. Let f ∈ N be square free and let σ ∈ PGL2(Q). The cell associated to f
and σ is the set c = c(f,σ )= {Λ(x,0)σ : x | f }. r(c)=√f is called the hyperradius of
the cell c.
Example. Let f ∈ N be square free and let σ = ( n 00 1
)
, where n ∈ Q+. c(f,σ ) =
{Λ(nx,0): x | f } is a cell of hyperradius √f . For each x ∈ Q+, Λ(x,0) is a cell of
hyperradius 1.
Remark. (i) Two classes X and Y such that d(X,Y ) = f , where f is square free,
determine uniquely a cell of hyperradius
√
f . (ii) Let c be a cell with r(c) = √f and
let X ∈ c, f0 | f . Then c contains a unique cell c0 such that X ∈ c0, r(c0)=√f0. (iii) If f
is a product of s distinct primes, then c(f,σ ) consists of 2s classes.
Let c be a cell. The pointwise stabiliser of c is the group {σ ∈ PSL2(R): Xσ =
X for all X ∈ c}. The setwise stabiliser of c is the group {σ ∈ PSL2(R): Xσ ∈ c for all
X ∈ c}.
Theorem 3.2 (Conway [C]). The setwise stabiliser of the cell c(f,σ ) is the group
σ−1Γ +0 (f )σ . The pointwise stabiliser of c(f,σ ) is σ−1Γ0(f )σ . M is a maximal subgroup
of PSL2(R) that is commensurable with PSL2(Z) if and only if M is a setwise stabiliser of
a cell. Further, there is a one to one correspondence between the set of all cells and the set
of all maximal subgroups of PSL2(R) that are commensurable with PSL2(Z).
Example. By Theorem 3.2, the setwise stabiliser of Λ(n,0) (a cell of hyperradius 1) is
(
n 0
0 1
)−1
PSL2(Z)
(
n 0
0 1
)
.
Let σ = ( n 00 1
)
, where n ∈N. By Theorem 3.2, the setwise stabiliser of c(f,σ ) is given by
Γ +0 (f n|n)=
(
n 0
0 1
)−1
Γ +0 (f )
(
n 0
0 1
)
.
Definition 3.3. Let M be a maximal subgroup of PSL2(R) that is commensurable with
PSL2(Z). The cell fixed by M as a set (denoted by cM ) is called the cell associated to M .
Remark. Let M be given as in Definition 3.3. It is clear that if M is a conjugate of Γ +0 (f ),
then the hyperradius of cM is
√
f .
Theorem 3.4 (Conway [C]). Let K be a subgroup of PSL2(Z) of finite index and let Ω(K)
be the set of all classes invariant under K . Then M  PSL2(R) is a maximal discrete
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Ω(K). There is a one to one correspondence between the set of all cells of Ω(K) and the
set of all maximal discrete supergroups M (M  PSL2(R)) of K .
Definition 3.5 (Conway [C]). Let V be the set of all classes Λ(m,g/h). A pair of classes
Λ(m,g/h) and Λ(m′, g′/h′) is an edge if d(Λ(m,g/h),Λ(m′, g′/h′)) = p, where p is
a prime. Let E be the collection of all the edges. The graph Ω = (V ,E) is called the big
picture. Let p be a prime and let Kp(V ) be the set of all classes of the form Λ(pa, x/pb).
The graph Kp(Ω)= (Kp(V ), (Kp(V )×Kp(V )) ∩E) is called the p-adic tree of Ω .
Remark. The fact that Kp(Ω) is a tree can be proved easily. Note that this is a special case
of work of Borel [B] on arithmetic Fuchsian groups.
Definition 3.6. (a) Let X = Λ(pe11 pe22 · · ·pemm ,a/pd11 pd22 · · ·pdmm ) ∈ Ω , where ei ∈ Z,
dj ∈ N ∪ {0} and {p1,p2, . . . , pm} is a set of m distinct primes. The projection of X
to the pi -adic tree, denoted by Kpi (X), is defined to be the class Λ(p
ei
i , b/p
di
i ), where
0 b/pdii < 1 is a proper fraction such that a ≡ b (mod pdii ).
(b) Let Λ(m,g/h) ∈ Kp(Ω) and Λ(m′, g′/h′) ∈ Kq(Ω), where p and q are distinct
primes. The product of Λ(m,g/h) and Λ(m′, g′/h′) is the class Λ(mm′, a/hh′), where
a ≡ g (mod h) and a ≡ g′ (mod h′). Similarly, product of x ∈Kp(Ω), y ∈Kq(Ω), . . . , z ∈
Kr(Ω) is the class X such that
Kp(X)= x, Kq(X)= y, . . . , Kr(X)= z.
Example 3.7. Let c= {Λ(1,0),Λ(2,0),Λ(3,0),Λ(6,0)}σ,where σ = ( 1 1/20 1
)
. It follows
that c= {Λ(1,1/2),Λ(2,0),Λ(3,1/2),Λ(6,0)}. Further, the projection of c to the 2-adic
tree is {Λ(1,1/2),Λ(2,0)} and the projection of c to the 3-adic tree is {Λ(1,0),Λ(3,0)}.
Hence c is the product of {Λ(1,1/2),Λ(2,0)} and {Λ(1,0),Λ(3,0)}.
Λ(1,1/2) Λ(2,0)
Λ(3,1/2) Λ(6,0)
4. Hyperdistance
The main purpose of this section is to study the basic properties of the hyperdistance and
determine the hyperdistance between cells (Proposition 4.7 and Section 4.3). Lemmas 4.1,
4.4 and Proposition 4.7 are the results that will be used in the later sections. Results
in Section 4.3 will be used in the proof of the main theorem (Section 7.3). Note that
Lemmas 4.1–4.4 can be viewed as special cases of the results in Section 2 of Chapter 2 in
“Arithmétique des Algèbres de Quaternions” by M.-F. Vigneras [V].
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N ∪ {0}. Then there are p + 1 classes Y such that d(X,Y ) = p. Further d(X,Y )= p if
and only if
(i) Y =Λ(pm+1, a/pn−1), or
(ii) Y =Λ(pm−1, (a + xpn)/pn+1), where 0 x  p− 1.
Proof. Let B = {(pm,a/pn), (0,1)} be a baisis of Q × Q. Then [X]B = Λ(1,0) and
d(X,Y ) = p if and only if [Y ]B ∈ {Λ(p,0),Λ(1/p,x/p)}, where 0  x  p − 1. It
follows that there are p + 1 classes Y such that d(X,Y )= p. We shall now prove (i) and
(ii). (i) Let B = {(pm,a/pn), (0,1)}. It follows that [X]B =Λ(1,0) and [Y ]B =Λ(p,0).
(ii) Let B = {(pm−1, (a+ xpn)/pn+1), (1,0)}. Then [X]B =Λ(p,0) and [Y ]B =Λ(1,0).
This completes the proof of the lemma. ✷
Let p be a prime. The tree {Λ(pi,0): i ∈ Z} is called the p-adic thread. Applying
Lemma 4.1, we have the following:
Lemma 4.2. Let p be a prime. Suppose that gcd(a,pn) = 1 (n ∈ N ∪ {0}). Then the
hyperdistance between Λ(pm,a/pn) and the p-adic thread is pn. Further, the shortest
path that joins Λ(pm,a/pn) and the p-adic thread is given by
{
Λ
(
pm,a/pn
)
,Λ
(
pm+1, a/pn−1
)
,Λ
(
pm+2, a/pn−2
)
, . . . ,Λ
(
pm+n,0
)}
.
The path in the above lemma is called the Λ(pm,a/pn)-path.
Lemma 4.3. Let p be a prime. Suppose that gcd(a,pn)= 1 = gcd(b,ps) (n, s ∈N∪ {0}).
Then the Λ(pm,a/pn)-path and the Λ(pr, b/ps)-path intersect nontrivially if and only if
m+ n= r + s.
Proof. Λ(pm,a/pn)-path and Λ(pr , b/ps)-path intersect nontrivially if and only if they
intersect the p-adic thread at the same vertex. Since the vertices of intersection are
Λ(pm+n,0) and Λ(pr+s ,0), respectively, we conclude that they intersect nontrivially if
and only if m+ n= r + s. ✷
Lemma 4.4. Let p be a prime and let X = Λ(pm,a/pn), Y = Λ(pr, b/ps) (n, s ∈
N∪ {0}). Suppose that gcd(a,pn)= 1 = gcd(b,ps). Then
(i) if m+ n = r + s, then d(X,Y )= pn+s+|m+n−r−s|,
(ii) if m+ n= r + s, then d(X,Y )= pu+v , where u and v are the smallest nonnegative
integers such that
(
m+ u,n− u,a (mod pn−u))= (r + v, s − v, b (mod ps−v)).
In particular, d(Λ(1,0),Λ(pm,a/pn))= pn+|m+n| .
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X-path ∪ {Λ(pm+n,0), . . . ,Λ(pr+s ,0)} ∪ Y -path.
This completes the proof of (i). In the case m+ n= r + s, the shortest path from X to Y is
given by
{
Λ
(
pm,a/pn
)
, . . . ,Λ
(
pm+u, a/pn−u
)=Λ(pr+v, b/ps−v), . . . ,Λ(pr, b/ps)},
where u and v are the smallest nonnegative integers such that Λ(pm+u, a/pn−u) =
Λ(pr+v, b/ps−v). This completes the proof of (ii). ✷
Remark. Let d = min{n, s}. Then pu+v = pn+s/gcd(b− a,pd)2.
Proposition 4.5 (Hyperdistance formula). Let X,Y ∈Ω . Then
d(X,Y )=
∏
d
(
Kp(X),Kp(Y )
)
.
Proof. Suppose that n= d(X,Y ). This implies that there exists a basis B such that [X]B =
Λ(1,0), [Y ]B = Λ(n,0). Without loss of generality, we may assume that X = Λ(1,0),
Y =Λ(n,0). It is clear that
d
(
Λ(1,0),Λ(n,0)
)= n=∏d(Kp(Λ(1,0)),Kp(Λ(n,0))). ✷
4.1. Hyperdistance between Λ(1,0) and a cell
Let c(f, ν) = {Λ(d,0)ν : d | f } be a cell of hyperradius √f . The hyperdistance
between Λ(1,0) and c(f, ν) is defined to be
d
(
Λ(1,0), c(f, ν)
)= min{d(Λ(1,0),X): X ∈ c(f, ν)}.
Lemma 4.6. Let c = c(f, ν) be a cell. Then c = c(f, ν) = c(f,σ ) for some σ , where
σ = ( x y/h0 1
)
, x ∈Q+, gcd(y,h)= 1, 0 y < h.
Proof. It is clear that c(f, ν) is the cell associated to M = ν−1Γ +0 (f )ν. Since the cell
associated to a maximal subgroup M is unique (Theorem 3.2), it suffices to show that
M = ν−1Γ +0 (f )ν = σ−1Γ +0 (f )σ , where σ is given as in the lemma. The lemma now
follows by applying Helling’s theorem. ✷
Let σ = ( x y/h0 1
)
be given as in Lemma 4.6. Then c(f,σ )= {Λ(dx,dy/h) : d | f }. For
each class Λ(dx,dy/h), let
(i) dx = pa11 pa22 · · ·parr , dy/h = d0/pb11 pb22 · · ·pbrr , where p1,p2, . . . , pr are primes,
gcd(d0,pb1pb2 · · ·pbrr )= 1, ai ∈ Z, bi ∈N∪ {0},1 2
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Applying Lemma 4.4, we have
d
(
Λ(1,0),Λ
(
p
ai
i , d0/p
bi
i
))= pbi+|ai+bi |i .
By Proposition 4.5,
md =
∏
p
bi+|ai+bi |
i = d
(
Λ(1,0),Λ(dx, dy/h)
)
.
As a consequence, the hyperdistance between c(f,σ ) and Λ(1,0) is given by the
following:
Proposition 4.7. Let σ = ( x y/h0 1
)
, where x ∈ Q+, gcd(y,h) = 1, 0  y < h. Then
d(c(f,σ ),Λ(1,0))= min{md : d | f }, where md = d(Λ(1,0),Λ(dx, dy/h)).
4.2. PGL2(Q) preserves the hyperdistance
It is clear that PGL2(Q) acts on Ω (the big picture). Let σ ∈ PGL2(Q), X,Y ∈ Ω .
Suppose that d(X,Y )=N . Without loss of generality, we may assume that X =Λ(1,0),
Y = Λ(N,0). Let f1 = e1σ , f2 = e2σ (e1 = (1,0), e2 = (0,1)) and let B = {f1, f2}.
It is clear that B is a basis of Q × Q and [Xσ ]B = Λ(1,0), [Yσ ]B = Λ(N,0).
As a consequence, d([Xσ ]B, [Yσ ]B) = N = d(X,Y ). Hence PGL2(Q) preserves the
hyperdistance. In particular, the Atkin–Lehner involutions associated to Γ +0 (n) act on Ω
and preserve the hyperdistance as every such involution can be written as
√
e
(
ae b
cn de
)
.
4.3. Hyperdistance between two cells
Let c1 = c(f, ν−1)= {Λ(d,0)ν−1: d | f } and c2 = c(g, τ )= {Λ(d,0)τ : d | g} be cells
of hyperradius
√
f and √g, respectively. Suppose that c1 ∩ c2 = ∅. The hyperdistance
between c1 and c2 is defined to be
d(c1, c2)= min{d(X,Y ): X ∈ c1, Y ∈ c2}.
Applying our results in Section 4.2, ν preserves the hyperdistance. Hence d(c1, c2) =
d(c(f, ν−1), c(g, τ ))= d(c(f,1), c(g, τν)). Applying Lemma 4.6, we may assume that
τν = σ =
(
x y/h
0 1
)
,
where x ∈Q+, gcd(y,h)= 1, 0 y < h. Suppose that fi | f , gj | g. It is easy to see that
d
(
Λ(fi,0),Λ(gj ,0)σ
)= d(Λ(fi,0),Λ(xgj , gjy/h))= d(Λ(1,0),Λ(xgj/fi, gjy/h)).
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d(c1, c2)= min
{
d
(
Λ(1,0),Λ(xgj/fi, gjy/h)
)}
.
Note that the above hyperdistance can be determined by Proposition 4.7.
5. The action of PSL2(Z) on the set of cells
Let Φn be the set of all classes X such that d(Λ(1,0),X)= n and let ∆ be the set of
all cells c such that Λ(m,0) ∈ c, r(c)=√f . The purpose of this section is to show that
PSL2(Z) acts transitively on Φn and Γ0(m) acts transitively on ∆ (Lemmas 5.2 and 5.3).
These two results will be used in the proof of Theorem 6.1.
Lemma 5.1. Let n= pe11 pe22 · · ·perr , where p1,p2, . . . , pr are primes. Then Φn consists of[PSL2(Z) : Γ0(n)] classes.
Proof. By Lemma 4.4 and Proposition 4.5, it is clear that Φn is the set of all classes of the
forms Λ(pa11 p
a2
2 · · ·parr , x/pb11 pb22 · · ·pbrr ) (ai ∈ Z, bi ∈N∪ {0}) such that
gcd
(
x,p
b1
1 p
b2
2 · · ·pbrr
)= 1, d(Λ(1,0),Λ(paii , x/pbii ))= bi + |ai + bi | = ei. (∗)
In the case bi = ei , ai =−ei and x (mod peii ) has peii −pei−1i choices. As a consequence,
there are peii −pei−1i such classes Λ(paii , x/pbii ). In the case bi = ei − k (ei − 1 k  1),
ai =±k − (ei − k) and x (mod pei−ki ) has pei−ki − pei−k−1i choices. As a consequence,
there are 2(pei−ki − pei−k−1i ) such classes Λ(paii , x/pbii ). In the case bi = 0, ai = ±ei ,
x = 0. In summary, there are
p
ei
i − pei−1i + 2
ei−1∑
k=1
(
p
ei−k
i − pei−k−1i
)+ 2 = peii + pei−1i
choices for Λ(paii , x/p
bi
i ). By Chinese remainder theorem, the cardinality of Φn is given
by
r∏
i=1
(
p
ei
i + pei−1i
)= [PSL2(Z) :Γ0(n)]. ✷
Lemma 5.2. PSL2(Z) acts transitively on Φn.
Proof. By our results in Section 4.2, PSL2(Z) preserves hyperdistance and Λ(1,0)σ =
Λ(1,0) for all σ ∈ PSL2(Z). This implies that the PSL2(Z)-orbit that contains Λ(n,0) is a
subset of Φn. By Theorem 3.2, Stab(PSL2(Z),Λ(n,0))= Γ0(n). Hence the cardinality of
the PSL2(Z)-orbit that containsΛ(n,0) is given by [PSL2(Z): Γ0(n)]. Since the cardinality
814 M.L. Lang / Journal of Algebra 274 (2004) 804–821of Φn is also [PSL2(Z) :Γ0(n)], we conclude that the PSL2(Z)-orbit that contains Λ(n,0)
is Φn. ✷
Lemma 5.3. Let m,f ∈ N, where f is square free and let ∆ be the set of all cells
c of hyperradius √f such that d(c,Λ(1,0)) = m and Λ(m,0) ∈ c. Then Γ0(m) acts
transitively on ∆.
Proof. Note first that since Γ0(m) fixes Λ(m,0), Γ0(m) acts on ∆. Let p be a prime
divisor of f . For each cell c ∈ ∆, the projection Kp(c) (see Definition 3.6) is an edge
{Λ(m,0),X}, where d(Λ(m,0),X) = p, d(Λ(1,0),X) = mp. Applying Lemma 4.1,
there are p+ 1 choices of classes Y such that d(Λ(m,0), Y )= p. Further,
(i) if p divides m, then there is a unique class X such that d(X,Λ(m,0)) = p,
d(X,Λ(1,0)) = m/p, the remaining p classes X satisfy d(X,Λ(m,0)) = p,
d(X,Λ(1,0))= pm,
(ii) if p does not divide m, then there are p+ 1 classes X, such that d(X,Λ(m,0))= p,
d(X,Λ(1,0))= pm.
Hence ∆ possesses
r =
∏
p |f,p |m
p
∏
p |f,p m
(p+ 1)
cells. Note that a cell c in ∆ is determined uniquely by the member X ∈ c, where
d(X,Λ(m,0))= f (see remark of Definition 3.1). It follows that Γ0(m) acts transitively
on ∆ if and only if Γ0(m) acts transitively on Φ = {X: X ∈ c ∈ ∆,d(X,Λ(m,0))= f }.
Note that |∆| = |Φ| = r . It is clear that Λ(mf,0) ∈Φ . By Theorem 3.2,
Stab
(
Γ0(m),Λ(mf,0)
)= Γ0(mf ).
Hence the Γ0(m)-orbit that contains Λ(mf,0) ∈ Φ has [Γ0(m): Γ0(mf )] classes. Since
[Γ0(m) :Γ0(mf )] = r = |Φ|, we conclude that Γ0(m) acts transitively on Φ . Consequently,
Γ0(m) acts transitively on ∆. ✷
6. [PSL2(Z) : PSL2(Z) ∩M] = [PSL2(Z) : Γ0(mf )]
Let M be a maximal subgroup of PSL2(R) that is commensurable with PSL2(Z). By
Helling’s Theorem,
M =
(
x y/h
0 1
)−1
Γ +0 (f )
(
x y/h
0 1
)
,
where x ∈Q+, gcd(y,h)= 1, 0 y < h. It is clear that M is the setwise stabiliser of the
cell cM = {Λ(d,0)σ : d | f } of hyperradius √f . The main purpose of this section is to
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of cM and m is the hyperdistance between cM and Λ(1,0).
Theorem 6.1. Let M be a maximal subgroup of PSL2(R) that is commensurable with
PSL2(Z). Then
M =
(
x y/h
0 1
)−1
Γ +0 (f )
(
x y/h
0 1
)
,
where f is square free, x ∈ Q+, 0  y < h, gcd(y,h)= 1. Suppose that d(Λ(1,0), cM)
=m (see Proposition 4.7). Then [PSL2(Z) : PSL2(Z) ∩M] = [PSL2(Z) :Γ0(mf )].
Proof. Let ∆ be the set of all cells c of hyperradius
√
f such that d(c,Λ(1,0)) = m
and Λ(m,0) ∈ c and let Y ∈ cM be chosen such that d(cM,Λ(1,0))= d(Y,Λ(1,0))=m
(cM is the cell associated to M). By Lemma 5.2, there exists some τ ∈ PSL2(Z) such that
Λ(m,0)= Yτ . As a consequence, cMτ ∈∆. By Lemma 5.3, there exists some ν ∈ Γ0(m)
such that
c0 = cMτν.
Let w = τν. Then w−1Mw is the setwise stabiliser of c0 (M is the setwise stabiliser of
cM ). By Theorem 3.2,
w−1Mw =
(
m 0
0 1
)−1
Γ +0 (f )
(
m 0
0 1
)
.
Since w ∈ PSL2(Z), we have [PSL2(Z) : PSL2(Z) ∩ M] = [PSL2(Z) : PSL2(Z)∩
w−1Mw] = [PSL2(Z) :Γ0(mf )]. ✷
Corollary 6.2. [M: PSL2(Z) ∩M] = [PSL2(Z) :Γ0(mf )]/∏p|f (p+ 1)/2.
Proof. The corollary follows immediately by investigating the areas of the fundamental
domains of the groups under consideration. ✷
Remark. See remark of Section 2 for the areas of fundamental domains.
Example. Let
M =
(
1/4 3/4
0 1
)−1
Γ +0 (3)
(
1/4 3/4
0 1
)
.
The cell associated to M is
c= c
(
3,
(
1/4 3/4
0 1
))
816 M.L. Lang / Journal of Algebra 274 (2004) 804–821and the hyperdistance betweenΛ(1,0) and c is 4. Applying Theorem 6.1 and Corollary 6.2,
[PSL2(Z) : PSL2(Z)∩M] = [PSL2(Z) :Γ0(12)] = 24, [M : PSL2(Z)∩M] = 12.
Corollary 6.3. Denote by Ψ the set of all cells c such that r(c)=√f , d(Λ(1,0), c)=m.
Then PSL2(Z) acts transitively on Ψ . Denote by Γc the setwise stabiliser of c. Then
PSL2(Z) acts transitively on {Γc: c ∈ Ψ } by conjugation.
7. Maximal subgroups commensurable with PSL2(Z)
Let A and B be two maximal subgroups of PSL2(R) which are commensurable with
PSL2(Z) and let cA, cB be the cells associated to A andB , respectively (see Definition 3.3).
The main purpose of this section is to show that [A : A ∩ B] = [Γ +0 (f ) : Γ +0 (f )∩
Γ +0 (g · Dg−1 | Dg−1)] (see Section 7.3), where r(cA) =
√
f , r(cB) = √g (see
Definition 3.1), D = max{d(X,Y ): X ∈ cA,Y ∈ cB}. Section 7.1 determines the index
[A :A ∩B], where cA ∩ cB = ∅ and Section 7.2 determines the index [A :A ∩ B], where
cA ∩ cB = ∅. Recall that
Γ +0
(
g ·Dg−1 ∣∣Dg−1)=
(
Dg−1 0
0 1
)−1
Γ +0 (g)
(
Dg−1 0
0 1
)
.
7.1. In this subsection, we shall assume that A = Γ +0 (f ), cA = {Λ(x,0): x|f },
cA ∩ cB = ∅ and d(cA, cB)=m. Similar to Section 6, we have
(i) By remark of Definition 3.1, cA has 2s members, where f = p1p2 · · ·ps (product of s
distinct primes). Since |Γ +0 (f )/Γ0(f )| = 2s , Γ +0 (f ) acts transitively on the cell cA.
Note that Λ(f,0) ∈ cA.
(ii) Let Φ be the set of all classes defined by Φ = {X: d(X,Λ(f,0))= d(X, cA)=m}.
Then Λ(mf,0) ∈Φ . Let f = p1p2 · · ·ps and let m= pe11 pe22 · · ·pess qd11 qd22 · · ·qdtt (pi
and qj are primes), where ei  0, dj  1. Similar to the proof of Lemma 5.1, there
are
∏
ei1
(
p
ei
i + pei−1i
)∏(
q
di
i + qdi−1i
)
classes Y such that d(Λ(f,0), Y )=m. Among these classes, there are exactly
∏
p
ei
i
∏(
q
di
i + qdi−1i
)
classes X such that d(X, cA) = m (the hyperdistances between the remaining ones
and cA are of the forms
∏
ei1 p
ei−δi
i
∏
q
di
i , where δi ∈ {0,1} and at least one of the
δi ’s is nonzero). Hence Φ possesses
r =
∏
p
ei
∏(
q
di + qdi−1)i i i
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[Γ0(f ) : Γ0(mf )] members. Since r = [Γ0(f ) : Γ0(mf )], we conclude that Γ0(f )
acts transitively on Φ .
(iii) Let∆ be the set of all cells defined by∆= {c: r(c)=√g,d(c, cA)= d(c,Λ(f,0))=
m,Λ(mf,0) ∈ c}. Similar to the proof of Lemma 5.3, ∆ possesses
∏
p|g,p|m
p
∏
p|g,pm
(p+ 1)
cells. Since Γ0(mf ) fixes Λ(mf,0), Γ0(mf ) acts on ∆. Let
f0 =
∏
pi,
where pi | g, gcd(pi, f ) = pi , pi  m. Without loss of generality, we may assume
that f0 = p1p2 · · ·pt . Associate to each divisor gaˆ = pa11 pa22 · · ·patt (ai ∈ {0,1},
aˆ = (a1, a2, . . . , at )) a cell cgaˆ = {Λ(xmfg−1aˆ ,0): x | g}. It is clear that cgaˆ ∈∆ and
max{d(X,Y ): X ∈ cA,Y ∈ cgaˆ } = fgmg−1aˆ . (7.1)
Since fgmg−1
aˆ
= fgmg−1
bˆ
if and only if aˆ = bˆ, we conclude that if aˆ = bˆ, then
cgaˆ and cgbˆ are in different Γ0(mf )-orbits. Hence there are at least 2
t orbits. By
Theorem 3.2, the setwise stabiliser of {Λ(xmfg−1
aˆ
): x | g} is
Γ +0
(
gmfg−1
aˆ
∣∣mfg−1
aˆ
)=
(
mfg−1
aˆ
0
0 1
)−1
Γ +0 (g)
(
mfg−1
aˆ
0
0 1
)
.
Hence the Γ0(mf )-orbit that contains {Λ(xmfg−1aˆ ): x | g} has [Γ0(mf ) : Γ0(mf ) ∩
Γ +0 (gmfg
−1
aˆ
|mfg−1
aˆ
)] members. An easy calculation shows that
∑
aˆ
[
Γ0(mf ) : Γ0(mf )∩ Γ +0
(
gmfg−1
aˆ
∣∣mfg−1
aˆ
)]
=
∑
gaˆ
[
Γ0(mf ) : Γ0
(
mfgg−1
aˆ
)]=∑
x|f0
[
Γ0(mf ) : Γ0
(
mf
(
gf−10
)
x
)]= |∆|.
This implies that ∆ splits into exactly 2t orbits. Further, each orbit contains a class of the
form {Λ(xmfg−1
aˆ
,0): x | g}, where gaˆ | f0.
Proposition 7.1. Let A = Γ +0 (f ) and B be a maximal subgroup of PSL2(R) that is
commensurable with PSL2(Z) . Suppose that r(cB)=√g, cA ∩ cB = ∅. Let d(cA, cB)=
m, max{d(X,Y ): X ∈ cA,Y ∈ cB} = D. Then [A : A ∩ B] = [Γ +0 (f ) : Γ +0 (f ) ∩ Γ +0 (g ·
Dg−1 |Dg−1)].
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there exists some Atkin–Lehner involution we ∈ Γ +0 (f ) such that XAwe = Λ(f,0). As
a consequence, YBwe ∈ Φ . By (ii), there exists some τ ∈ Γ0(f ) such that YBweτ =
Λ(mf,0). As a consequence, cBweτ ∈ ∆. By (iii), there exists some ν ∈ Γ0(mf ) such
that cBweτν = {Λ(mfg−1aˆ x,0): x | g} = cgaˆ for some gaˆ . Let w = weτν. It follows that
w−1Bw is the setwise stabiliser of cgaˆ = cBweτ (B is the setwise stabiliser of cB ). By
Theorem 3.2, the setwise stabiliser of cgaˆ is
Γ +0
(
gmfg−1
aˆ
∣∣mfg−1
aˆ
)=
(
mfg−1
aˆ
0
0 1
)−1
Γ +0 (g)
(
mfg−1
aˆ
0
0 1
)
.
Hence w−1Bw = Γ +0 (gmfg−1aˆ |mfg−1aˆ ). Since w ∈ Γ +0 (f ), we have [Γ +0 (f ) : Γ +0 (f )∩
B] = [Γ +0 (f ) : Γ +0 (f ) ∩ w−1Bw] = [Γ +0 (f ) : Γ +0 (f ) ∩ Γ +0 (gmfg−1aˆ | mfg−1aˆ )]. By
Eq. (7.1) of the above, Dg−1 =mfg−1
aˆ
. This completes the proof of the proposition. ✷
Remark. (i) of the above is not true if f is not square free.
Example. Let f = g = 2.3.5, m= 7, cA = {Λ(x,0): x | f } and let ∆ be the collection of
cells v such that r(v) =√g =√2.3.5, d(cA, v) = d(Λ(2.3.5,0), v)= 7. Then |∆| = 72,
f0 = 2.3.5. There are eight Γ0(mf )-orbits. A set of representatives of the orbits is given
by {cabc: a, b, c= 0 or 1} (cabc is the class we denoted by cgaˆ in (iii) of the above), where
cabc =
{
Λ(x,0)
(
2a3b5c7 0
0 1
)
: x | 2.3.5
}
.
The size of the Γ0(mf )-orbit that contains cabc is [Γ0(mf ) : Γ0(2a+13b+15c+17)]. As
a consequence, the sizes of the orbits are 30 (a = b = c = 1), 1 (a = b = c = 0), 5
(a = b = 0, c = 1), 3 (a = c = 0, b = 1), 2 (a = 1, b = c = 0), 15 (a = 0, b = c = 1),
10 (a = c= 1, b= 0) and 6 (a = b= 1, c= 0), respectively. Note that
72= 30+ 1+ 5+ 3+ 2+ 15+ 10+ 6.
Let c ∈ ∆ be a cell in the orbit of c011 (D = 223.5.7) and let B be the group associated
to c. Applying our proposition,
[
Γ +0 (f ) : Γ +0 (f )∩B
]= [Γ +0 (f ) : Γ +0 (f )∩ Γ +0 (2.7g | 2.7)].
Applying (i)–(iii) and the proof of Proposition 7.1, we have the following:
Corollary 7.2. Let f,g,m,f0 be given as above. Denote byΨ the set of all cells c such that
r(c)=√g, d(c(f,1), c)=m. Then Γ +0 (f ) acts on Ψ . There are 2t orbits, where t is the
number of prime divisors of f0. A complete set of representatives of the orbits is given by
{cgaˆ : gaˆ | f0}. Denote by Γc the setwise stabiliser of c. Then Γ +0 (f ) acts on {Γc: c ∈ Ψ }
by conjugation. There are 2t conjugacy classes. A complete set of representatives of the
classes is given by {Γ +0 (gmfg−1aˆ |mfg−1aˆ ): gaˆ | f0}.
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is a cell of hyperradius
√
f0  1, where f0 is a divisor of gcd(f, g). Similar to (i) and (iii)
of Section 7.1, we have
(i) Γ +0 (f ) acts transitively on the cell cA. Λ(f,0) ∈ cA.
(ii) Let ∆ be the set of all cells defined by ∆ = {c: r(c) = √g, cA ∩ c = cf0 =
{Λ(xff−10 ,0): x | f0} }. Similar to the proof of Lemma 5.3, ∆ possesses
r =
∏
p|g,p|ff−10 ,pf0
p
∏
p|g,pff−10 ,pf0
(p+ 1)=
∏
p|g,p|ff−10
p
∏
p|g,pf
(p+ 1)
cells and Γ0(f ) acts on ∆. It is clear that c0 = {Λ(xff−10 ,0): x | g} ∈ ∆. By
Theorem 3.2, the setwise stabiliser of c0 is
Γ +0
(
gff −10
∣∣ ff−10 )=
(
ff−10 0
0 1
)−1
Γ +0 (g)
(
ff−10 0
0 1
)
.
Hence the Γ0(f )-orbit of c0 contains [Γ0(f ) : Γ0(fgf −10 )] members. Since both f
and g are square free, r = [Γ0(f ) : Γ0(fgf −10 )]. Hence Γ0(f ) acts transitively on ∆.
Proposition 7.3. Let A = Γ +0 (f ) and B be a maximal subgroup of PSL2(R) that is
commensurable with PSL2(Z). Suppose that cA ∩ cB is a cell of hyperradius √f0. Then
[A :A∩B] = [Γ +0 (f ) : Γ +0 (f )∩ Γ +0 (gff−10 | ff−10 ].
Proof. By (i) of the above, there exists some we ∈ Γ +0 (f ) such that Λ(f,0) ∈ (cA ∩
cB)we . Since f is square free, Λ(f,0) ∈ (cA ∩ cB)we and the hyperradius of (cA ∩ cB)we
is
√
f0, we conclude that (cA ∩ cB)we = {Λ(xff−10 ,0): x | f0} = cf0 (see remark of
Definition 3.1 and (ii) of the above). Since we ∈ Γ +0 (f ) leaves cA invariant, cA ∩ cBwe =
(cA ∩ cB)we = cf0 . It follows that cBwe ∈ ∆. By (ii) of the above, there exists some
τ ∈ Γ0(f ) such that cBweτ = c0 = {Λ(xff−10 ,0): x | g}. Let w = weτ . It follows that
w−1Bw is the setwise stabiliser of c0 = cBweτ (B is the setwise stabiliser of cB ). Note
that the setwise stabiliser of c0 is given by
Γ +0
(
gff−10
∣∣ ff−10 )=
(
ff−10 0
0 1
)−1
Γ +0 (g)
(
ff−10 0
0 1
)
.
Since w ∈ Γ +0 (f ), we have
[A :A∩B] = [Γ +0 (f ) : Γ +0 (f )∩w−1Bw]= [Γ +0 (f ) : Γ +0 (f )∩ Γ +0 (gff−10 ∣∣ ff−10 )].
✷
Similar to Corollary 7.2, we have the following
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hyperradius
√
f0. Then Γ +0 (f ) acts transitively on Ψ . Denote by Γc the setwise stabiliser
of c. Then Γ +0 (f ) acts transitively on {Γc: c ∈Ψ } by conjugation.
7.3. The main theorem
We may now state and prove the main result of our article:
The main theorem. Let A and B be two maximal subgroups of PSL2(R) which are
commensurable with PSL2(Z) and let cA (r(cA) = √f ), cB (r(cB) = √g) be the cells
associated to A and B , respectively. Then
[A :A∩B] = [Γ +0 (f ) : Γ +0 (f )∩ Γ +0 (g ·Dg−1 ∣∣Dg−1)],
where D = max{d(X,Y ): X ∈ cA,Y ∈ cB}.
Proof. Since conjugation preserves the index [A : A ∩ B], we may assume that A =
Γ +0 (f ). In the case cA ∩ cB = ∅, the theorem follows by applying Proposition 7.1. In
the case cA ∩ cB is a cell of hyperradius of √f0, D = max{d(X,Y ): X ∈ cA,Y ∈
cB} = fg/f0. It follows that [Γ +0 (f ) : Γ +0 (f ) ∩ Γ +0 (g · Dg−1 | Dg−1)] = [Γ +0 (f ) :
Γ +0 (f ) ∩ Γ +0 (gff−10 | ff−10 )]. The theorem follows by applying Proposition 7.3. This
completes the proof of our theorem. ✷
Appendix A
In this appendix, we determine the level of A ∩ B , where A and B are maximal
subgroups of PSL2(R) that are commensurable with PSL2(Z).
Applying results of Conway [C], we have the following (see [L] also):
Lemma A1. Λ(M,g/h) is invariant under Γ (n) if and only if Mn ∈N, Mnh2 is a divisor
of n2.
Lemma A2. M  PSL2(R) is a maximal discrete supergroup of Γ (n) if and only if
M =
(
x y/h
0 1
)−1
Γ +0 (f )
(
x y/h
0 1
)
,
where f is square free, xn ∈N, gcd(y,h)= 1, nxh2 | n2, nxf h2 | n2(f,h)2.
Proof. Let M  PSL2(R) be a maximal discrete supergroup of Γ (n). It follows that M is
commensurable with PSL2(Z). By Helling’s theorem,
M =
(
x y/h
0 1
)−1
Γ +0 (f )
(
x y/h
0 1
)
,
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c(f,σ ), where
σ =
(
x y/h
0 1
)
.
By Theorem 3.4, c(f,σ ) is a cell of Ω(Γ (n)). This implies that every class in c(f,σ )
is fixed by Γ (n). Note that c(f,σ ) = {Λ(dx,dy/h): d | f }. By Lemma A1, xdn ∈ N,
nxdh2 | n2(d,h)2. Since f is square free, this is equivalent to xn ∈ N, nxh2 | n2,
nxfh2 | n2(f,h)2. Conversely, let M be given as in the lemma. It is clear that M is the
setwise stabiliser of c(f,σ ), where
σ =
(
x y/h
0 1
)
.
By Lemma A1, c(f,σ ) is fixed by Γ (n). By Theorem 3.4, M is a maximal discrete
supergroup of Γ (n). ✷
Applying Lemma A2, the following is clear.
Proposition A3. Let i ∈ {1,2} and let
Ai =
(
xi yi/hi
0 1
)−1
Γ +0 (fi)
(
xi yi/hi
0 1
)
,
where fi is square free, xi ∈Q+, gcd(yi, hi)= 1, 0 yi < hi . Then A1 ∩A2 is of level n,
where n is the smallest positive integer such that xin ∈N, nxih2i | n2, nxifih2i | n2(fi , hi)2.
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